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1. INTRODUCTION 
In this paper the following notation is used. J is the closed interval [0, b], 
and J, is the half-open interval (0, b]. Recently many authors [ 1,3-51 have 
obtained differential inequalities in R” to the initial value problems 
associated with the first-order ordinary differential equations. Further, these 
inequalities are extended to ordered Banach spaces by Walter [6]. We 
establish differential inequalities in ordered Banach spaces for two-point 
boundary value problems associated with the ordinary differential equation 
u”(f) =S(k ~(4, y’(t)) in J, 
Y(O) =Yo 3 .@) = Yb. 
Let B be a real Banach space with the norm ]. ] and < be an order relation 
in B defined by a positive cone B, . Here B, is a closed subset of B with the 
following properties. 
(i) p,qEB+ anda>O,aERimpliesapEB+ andp+qEB+.The 
order relation is then given by 
4>P ifandonlyif q-pEB+. 
From the above it follows that the order relation is transitive. Since q >p, 
r > q implies r >p. The order relation is translation invariant and invariant 
under multiplication by non-negative constants. Since q >p implies q t r > 
p t r, a E R and non-negative and q > p implies aq > ap. Since B + is closed 
we have in addition 
6) Ipk-~I+O, Iqk-91+0 as k + co and pk < qk implies p < q. 
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2. BASIC RESULTS 
DEFINITION. Let B be an ordered Banach space and f(t, yr , y2) be a 
function from J X B x B + B. The function f is said to satisfy monotonocity 
condition Q if 
Y, < zl, y2 < z2 implies f(4 zl, z2> -fk Y1, y2) 2 0. 
RESULT 1. Let B be an ordered Banach space and D be a closed subset 
of B. Let J*cR3 be the set of all (t,t,y) such that O<y<z<t<b. 
Suppose k(t, 5, y, yl, y,): J* x D x D + B is a continuously dtrerentiable 
map in J* for fixed y,, y2 E D, monotone increasing in y,, yz and satisfies a 
Lipschitz condition 
/k(t,~,~,y~,y2)-k(t,~,~,z~~z~)l~L~l~~-z,I+L~I~2-z2/ 
fir (4 G Y) E J* and Y~,Y~,z~,z~ED. 
Let C2(J, D) be the set of all continuously differentiable maps from J+ D. 
Suppose 
where g(t): J-+ D is continuously differentiable, and maps C2(J, D) into 
itself Then the equation y = Ky has exactly one solution y E C2(J, D). 
Proof. Consider the equation y = Ky or 
y(t) =g(t) + j;j; k(t, z, Y,Y(Y),Y’(Y)) dYdr. 
Here the solution y can easily be constructed by the method of successive 
approximations. The statements about existence and convergence of 
successive approximations are standard. Define for any function 
#E C’(J,D) 
II411 =Su~[[lWl + W(t)ll ee2”l 
where L > max[L,, L,, f 1. For any 4, v E C*(J, D), it can easily be seen 
that 
HenceIJK~-KWjl</3II#--[I,wherej3=[f+1/4L]< l.HencebyBanach 
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fixed point theorem the equation y = Ky has exactly one solution. Hence the 
proof. 
RESULT 2. Assume that the hypothesis of Result 1 holds. Let 
w E C*(J, D) satisfy 
then y(t) Q w(t) in J. 
Proof Define the sequence {wk} by wk+ 1 = Kw, (k > 0), w0 = w. Then 
wk -+ y. By hypothesis 
w,=Kw,,<wO, (WA’ = (Kw,)’ < (w,)‘. 
Since k is increasing in y, , y,, 
k(t, r, Y, We, W’,(Y)) & 4 ~7 Y, wo(19, MY)). 
It follows that Kw, < KwO, (Kw,)’ < (Kw,)‘, i.e., 
w*<w,, w;< w;. 
Hence by induction 
W k+lGWk for arbitrary k. 
Hence wk < w0 = w for all k. Thus y < w. 
3. MAIN THEOREM 
THEOREM. Let B be an ordered Banach space and8 J X B x B + B be a 
continuously differentiable map in t for fixed y,, y2. Suppose f satisfies 
condition Q and also satisfies Lipschitz condition 
If v and w are functions from J to B which possess continuous second-order 
derivatives in J and satisfy 
(9 NO) > 4% 
(ii) w(b) > v(b), 
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(iii) w” -S(t, W, w’) 2 U” -S(t, v, II’) in J, then 
w(t) 2 u(t) in J. 
Proof. Define d(t) = w(t) - o(t). From (i) and (ii) d(0) > 0 and d(b) > 0. 
Define g(t, yl, y2) =f(t, u(t) + y,, v’(t) + yJ -f(t, v(t), v’(t)). Consider 
d”(t) - g(t, d(t), d’(Q) 
= w”(t) - u”(l) -f(t, u(t) + d(l), u’(t) + d’(l)) +f(t, u(t), u’(t)) 
= w”(C) - u”(t) -f(t, w(t), w’(t)) +f(t, u(t), u’(t)) 
>O in J,,. 
Claim. g satisfies Lipschitz condition. Consider 
Claim. g is increasing, 
Thus g(t, y, , yJ is increasing. Define (K$)(t) = .fb JZ g(y, $(Y), 4’(y)) & dr. 
Then (K~)“(z) = g(t, 4(t), 4’(t)). Here g(t, 0,O) = 0 implies 0 is the unique 
fixed point. By using Results 1 and 2 with y = 0 and w = d it follows that 
d(c) > 0. Hence w(t) > v(t). 
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